The quantum interference of entangled photons forms a key phenomenon underlying various quantum-optical technologies. It is known that the quantum interference patterns of entangled photon pairs can be reconstructed classically by the time-reversal method; however, the time-reversal method has been applied only to time-frequency-entangled two-photon systems in previous experiments. Here, for the first time, we apply the time-reversal method to the position-wavevectorentangled two-photon systems: the two-photon Young interferometer and the two-photon beam focusing system. We experimentally demonstrate that the time-reversed systems classically reconstruct the same interference patterns as the position-wavevector-entangled two-photon systems.
I. INTRODUCTION
Entangled photon pairs have been utilized for observing various quantum-optical phenomena that lie out of the scope of classical optics. In most experiments, entangled photon pairs are generated by spontaneous parametric down-conversion (SPDC). The generated photon pairs can exhibit entanglement over several kinds of degrees of freedom such as time-frequency, position-wavevector [1] , polarization [2] , and orbital angular momentum [3] . Depending on the kind of entanglement, they exhibit different quantum-optical phenomena. For instance, timefrequency-entangled photon pairs have been used for observing automatic dispersion cancellation [4, 5] in HongOu-Mandel (HOM) interference [6] , Franson interference [7, 8] , and phase superresolution [9] . In other instances, position-wavevector-entangled photon pairs have been used for observing ghost imaging [10] , two-photon Young interference [11] [12] [13] [14] [15] , two-photon focused beam spots [16] , and automatic aberration cancellation [17] .
On the other hand, recent studies have shown that twophoton detection patterns in an entangled two-photon system can be reconstructed classically by use of its timereversed system. This method, which is called the timereversal method, is based on the time-reversal symmetry of quantum mechanics: projection probabilities in the time-reversed system are equal to those in the timeforward system [18, 19] . Interestingly, with some ingenuity, the time-reversed system of a two-photon system can be prepared by the use of completely classical optical systems, with such a system including a classical light source, optical intensity measurement, and nonlinear optical transform. In fact, the classical reconstruction of two-photon detection patterns via the timereversal method has been experimentally demonstrated * Electronic address: ogawak@ist.hokudai.ac.jp for certain quantum-optical phenomena caused by timefrequency-entangled photon pairs, such as automatic dispersion cancellation in HOM interference [20, 21] , dispersion-cancelled OCT [22] [23] [24] , and phase superresolution [25, 26] .
These previous studies have been conducted via the application of the time-reversal method to timefrequency-entangled two-photon systems; however, the time-reversal method is supposed to be applicable to all kinds of entangled two-photon systems in theory. Here, for the first time to the best of our knowledge, we apply the time-reversal method to positionwavevector-entangled two-photon systems. We focus on the two-photon Young interferometer [11] [12] [13] [14] [15] and the two-photon beam focusing system [16] , and we experimentally demonstrate that the time-reversed versions of these two systems classically reconstruct the same interference patterns as those in the time-forward systems.
This paper is organized as follows. In Sec. II, we present the theory of the time-reversal method, particularly for two-photon systems. In Sec. III and IV, we describe our two experiments. First, we demonstrate the time-reversal method for the two-photon Young interferometer in Sec. III. Subsequently, we demonstrate the time-reversal method for the two-photon beam focusing system in Sec. IV. Finally, we summarize the findings of our study in Sec. V.
II. TIME-REVERSAL METHOD
In this section, we present the theory underlying the time-reversal method for two-photon systems. We begin by reviewing the time-reversal symmetry of quantum mechanics. Let us consider the process where initial state |i evolves with unitary operatorÛ and is projected onto final state |f by a measurement apparatus. The projection probability is given by | f|Û |i | . Filter1 and filter2 function as pre-selection of |i and post-selection of |f in the timeforward system, respectively. In the time-reversed system, the two-photon detection and the single-photon input state in the time-forward system are replaced by the two-photon input state and the single-photon detection, respectively; here, filter1 and filter2 function as post-selection of |i and preselection of |f , respectively. The time-reversed system can be prepared by the use of a classical optical system in which classical input light and intensity measurement are employed.
projected onto final state |i , the projection probability is given by | i|Û −1 |f | 2 . This probability is equal to that of the time-forward process due to the conjugate transposition f|Û |i = i|Û † |f * and unitarityÛ † =Û −1 . We next consider the time-reversal symmetry of twophoton systems including SPDC. In particular, here, we here treat two-photon systems in which the initial state is a pure pump-photon state and the final state is a pure two-photon state in a single-output mode. The twophoton Young interferometer and the two-photon beam focusing system, which we address later in this paper, fall under this case. Figure 1 shows the schematics of such a two-photon system (upper panel) and its timereversed system (lower panel). In the time-forward system, the initial state |i =â † p (s i )|0 is pre-selected by filter1, whereâ † p (s) denotes the creation operator of a pump photon parametrized by parameter s, which can denote position, wavenumber, time, or frequency. We assume thatâ † p (s) satisfies the following commutation relation:
The input photon is converted into a photon pair by SPDC, and the photon pair passes through the optical system. The overall time evolution is denoted by unitary operatorÛ , with which creation operatorâ † p (s i ) evolves intô 
The detection probability is given by
In the time-reversed system, the initial state is a twophoton state |f in the input mode corresponding to the output mode in the time-forward system. The pair of photons experience the optical system in reverse, and the pair is converted into a single photon by sum-frequency generation (SFG); the overall time evolution isÛ −1 . The up-converted photon is finally projected onto final state |i . The detection probability | i|Û −1 |f | 2 is equal to that of the time-forward system expressed in Eq. (2) because of the time-reversal symmetry.
Interestingly, the time-reversed system of a two-photon system can be prepared by the use of a classical optical system. To examine this possibility, here, we consider a classical time-reversed system in which the input twophoton state |f is replaced by a coherent state |α, s f defined as
and the single-photon detection is replaced by an optical intensity measurement. The result of the optical intensity measurement is represented as an expectation value of the photon number:
where we use the relationâ(s)|α, s f = αδ(s − s f )|α, s f . As can be observed above, the measured intensity distribution in the classical time-reversed system exhibits the same pattern as the two-photon detection pattern in the time-forward system. We remark on the two following points regarding the time-reversal method for two-photon systems. First, we treat two-photon systems that allow two-photon detection in a single-output mode, such as the two-photon Young interferometer and the two-photon beam focusing system. More general two-photon systems have multiple output modes, and each of the two photons is detected in a different output mode. In this case, time-reversed classical systems need a conditional SFG, which eliminates the two photons not corresponding to the entangled photon pairs in the time-forward system. The details of the time-reversal method for general two-photon systems are provided in Appendix A. Second, although the timereversed classical system can reconstruct the two-photon detection patterns in the time-forward system, this fact does not mean that the quantum-optical phenomena are realized classically. The time-reversed system is completely classical and merely exhibits the same intensity pattern as the two-photon detection patterns.
III. CLASSICAL RECONSTRUCTION OF TWO-PHOTON YOUNG INTERFERENCE
In this section, we apply the time-reversal method to the two-photon Young interferometer [11] [12] [13] [14] [15] . The two-photon Young interference fringe has half the period of classical Young interference fringes, which are caused by position-wavevector entanglement of photon pairs. In Sec. III A, we introduce the time-forward twophoton Young interferometer, and in Sec. III B, we construct its time-reversed system in accordance with the time-reversal method. In Sec. III C, we experimentally demonstrate that the two-photon Young interference pattern can be reconstructed classically in the time-reversed system.
A. Time-forward system
First, we introduce the time-forward two-photon Young interferometer. Hereafter, we assume that creation operators parametrized by lateral position x and lateral wavenumber k x are, respectively, described by small letterâ † (x) and capital letterÂ † (k x ). Twophoton Young interference is typically realized as follows. We prepare the two-photon NOON state [â
at a double slit, where ±x 1 denote the lateral positions of the left and right slits, respectively; here, we ignore the normalization constant. Next, we focus two photons with incidence angles ±θ, respectively, and we detect them with a two-photon detector positioned in the focal plane. Upon moving the position of the two-photon detector, the two-photon counting rate yields the interference fringe with period λ/(4 sin θ), where λ denotes the wavelength of the incidence photons. On the other hand, the classical Young interference with the same incidence angles ±θ exhibits period λ/(2 sin θ); therefore, the period of the two-photon Young interference fringe is half of that of the classical one and can overcome the diffraction limit.
Two-photon Young interference has been observed in several experimental configurations [11] [12] [13] [14] [15] , and we next consider the setup shown in Fig. 2(a) . Here, we consider only the one-dimensional lateral distribution of the wavefunctions. In this setup, initial state |i is a single pump photon state (wavelength λ/2) with a single lateral wavenumber (k
denotes the creation operator of a pump photon with lateral wavenumber k x . This state is first down-converted into the position-wavevector-entangled two-photon state dk xÂ
by SPDC, in which the lateral positions of the two photons are positively correlated. Next, the photon pair is subjected to the first 2-f system and an optical Fourier transform such as long-distance free-space propagation. In total, the photon pair is subjected to a magnifying optical system and the same two-photon state dxâ † (x) 2 |0 appears in front of the double slit (The reason we employ this setup is to tightly focus the fundamental light into the nonlinear crystal and to generate high-power sumfrequency light in the time-reversed system [ Fig. 2(b) ] as mentioned later). The photon pair after passing through the double slit is represented by a two-photon NOON state: [27] . Finally, the NOON state is Fourier-transformed by the second 2-f system. Creation operatorâ † (x) is transformed into
where f represents the focal length of the second lens and
′ k denotes the Fourier transform. In total, initial state |i is converted into The photon pair is finally detected at lateral position x = x 0 on the focal plane. Final state |f is represented as |f =â † (x 0 ) 2 |0 , and therefore, the two-photon counting probability P (x 0 ) is given by
This probability distribution P (x 0 ) has period λ/(4 tan θ), where tan θ = x 1 /f . When θ ≪ 1, tan θ ≃ sin θ, and therefore, this period agrees with the value λ/(4 sin θ) mentioned in the previous paragraph. In this manner, the NOON states are prepared, and two-photon Young interference is subsequently observed.
B. Time-reversed system
We next consider the time-reversed two-photon Young interferometer. In accordance with the time-reversal method, the classical time-reversed system is constructed as shown in Fig. 2(b) . In the time-reversed system, the movable two-photon detector in the time-forward system is replaced by the movable classical point light source |α, x 0 . Further, the preparation of the pump photons with a single lateral wavenumber in the time-forward system is replaced by a pinhole at x = 0 as a lateral wavevector filter and optical intensity measurement, which is represented as Â † p (0)Â p (0) . Upon shifting lateral position x 0 of the point light source, the measured intensity distribution exhibits the same interference pattern as the time-forward system Eq. (7) because of the time-reversal symmetry. The detailed calculation of this interference pattern is provided in Appendix B 1.
C. Experiments and results
We experimentally demonstrate that the time-reversed two-photon Young interferometer reconstructs the same interference patterns as the time-forward one. The experimental setup that implements the time-reversed system is shown in Fig. 3 . In the study, we used a pulsed . Beyond the 2-f system, the double slit shown in Fig. 3 was inserted. The subsequent Fourier transform was realized via long-distance (3240 mm) free-space propagation. The other 2-f system was implemented by means of lens3 (focal length f 3 = 50 mm). The beam was focused into a 0.1-mmlength β-barium borate (BBO) crystal for type-I SHG. The fundamental and sum-frequency (SH) light passed through a pinhole (diameter 1 mm), which allows transmission of a narrow lateral wavevector component, and were divided by a dichroic mirror. The optical powers of the fundamental and SH light were measured by a Si photodetector (Thorlabs, PDA100A) and a Si femtowatt detector (Thorlabs, PDF10A/M), respectively. We measured the optical powers of the fundamental and SH light at various lateral positions x of the point light source.
The experimental results for the fundamental and SH light are shown in Figs. 4(a) and (b) , respectively. The solid curves denote the theoretical curves in the timeforward classical and two-photon Young interferometers under the same experimental conditions as this set of experiments (double slit and incidence angles). Both results show good agreement with the theoretical curves of the time-forward systems, and in particular, the result for the SH light reconstructs the same interference pattern as the time-forward system. Therefore, the time- reversal method for the two-photon Young interferometer is demonstrated. We note that the observed decline in the visibility was caused by the difference between the power transmitted passing through the left and light slits.
IV. CLASSICAL RECONSTRUCTION OF TWO-PHOTON FOCUSED BEAM SPOT
In this section, we describe our application of the timereversal method to the two-photon beam focusing system [16] . The two-photon focused beam spot has subdiffraction-limited spot size and depth-of-focus, which are caused by position-wavevector entanglement of photon pairs. In Sec. IV A, we introduce the time-forward two-photon beam focusing system, and in Sec. IV B we construct its time-reversed system in accordance with the time-reversal method. In Sec. IV C, we experimentally demonstrate that the two-photon focused beam spot can be reconstructed classically in the time-reversed system.
A. Time-forward system
Here, we introduce the time-forward two-photon beam focusing system shown in Fig. 5(a) . We consider the two-dimensional lateral distribution of the wavefunctions unlike in Sec. III A. The two-photon focusing beam spot is realized by focusing the position-wavevector-entangled photon pairs drâ † (r) 2 |0 , where r = (x, y) denotes the lateral position vector. This state is positively correlated along the lateral position. This entangled two-photon state can be prepared by using the same optical system as that used for the two-photon Young interferometer described in Sec. III. The difference between the system shown in Fig. 5(a) and that in Fig. 2(a) is that the double slit is removed and the two-photon detector can move along the lateral (x) and axial (z) directions. We now consider that the lens in the second (right) 2-f system has a finite diameter D. If the beam is collimated sufficiently at the back focal plane of the 2-f system, this 2-f system can be approximated by a 2-f system constructed by a lens with an infinite diameter and a circular aperture with diameter D at the back focal plane, as shown in the inset of Fig. 5 . In the following discussion, we assume this approximation for simplicity.
Next, we derive the distribution of the two-photon focused beam spot. Initial state |i is the same as that of the two-photon Young interferometer described in Sec. III A: |i =Â † p (0)|0 , where the parameter ofÂ † p (k) is the lateral wavevector k = (k x , k y ). This state is subjected to the optical system shown in Fig. 5(a) , and subsequently, the two-photon state at the back focal plane of the second (right) 2-f system can be represented as
After (2f + z)-distance propagation through the 2-f system (z denoting the distance from the focal plane),â † (r) is transformed into
as per the Fresnel approximation. In total, the initial state |i is transformed into
The photon pair is finally detected at lateral position r = r 0 and an axial position from the focal plane z = z 0 . Final state |f is represented asâ † (r 0 ) 2 |0 at z = z 0 , and therefore, the two-photon counting probability P (r 0 , z 0 ) is given by
When z 0 = 0, the two-photon counting probability is
where somb(x) := J 1 (x)/x represents the sombrero function and J n (x) denotes the n-th order Bessel function of the first kind. The full-width at half-maximum (FWHM) of this distribution in the lateral direction is given by 1.62λf /(πD). On the other hand, the classical beam spot focused by the same focusing lens has the intensity distribution of somb 2 [πD|r 0 |/(f λ)], which corresponds to a the spot size of 3.23λf /(πD) FWHM. Therefore, the width of the two-photon focusing beam spot in the lateral direction is half the classical one and overcomes the diffraction limit.
When r 0 = 0, the two-photon counting probability is
where sinc(x) := sin(x)/x. Assuming that z 0 ≪ f and (f + z 0 ) 4 can be zero-order-approximated by (f + z 0 ) 4 ∼ f 4 , the FWHM of this distribution in the axial direction is given by 11.1λf 2 /(πD 2 ). The classical beam spot focused by the same focusing lens has the intensity dis-
, which corresponds to a the depth-of-focus of 3.23λf /(πD) FWHM with the same approximation. Therefore, the width of the two-photon focusing beam spot in the axial direction is also half the classical one and overcomes the diffraction limit.
B. Time-reversed system
We next consider the time-reversed two-photon beam focusing system shown in Fig. 5(b) . As is the case in the two-photon Young interferometer, the movable twophoton detector and the preparation of the pump photons with a single lateral wavenumber in the time-forward system are replaced by the movable classical point light source |α, r 0 at z = z 0 and a pinhole followed by optical intensity measurement, which is represented as Â † p (0)Â p (0) , respectively. The point light source can be moved along the lateral (x) and axial (z) directions. Due to time-reversal symmetry, the measured intensity distribution for various x and z values shows the same pattern as the time-forward two-photon beam focusing system corresponding to Eq. (11). The detailed calculation of this intensity distribution is provided in Appendix B 2.
C. Experiments and results
We experimentally demonstrate that the time-reversed two-photon beam focusing system reconstructs the same optical power distributions as the two-photon detection patterns in the time-forward system. The experimental setup is shown in Fig. 6 . This setup is identical to that shown in Fig. 3 except that the double slit is removed and the stage mounting lens1 can move along the lateral (x) and axial (z) directions. In this study, we measured the optical power of the fundamental and SH light beams at various lateral and longitudinal positions x and z of the point light source.
The experimental results are shown in Figs. 7(a) to (f). The upper and lower panels illustrate the results for the fundamental and SH light, respectively. Figures 7(a) and (b) depict the measured optical power distributions at various lateral and axial positions x and z of the point light source. Each of the distributions is similar to that of the focused beam spot in the time-forward system, and the distribution of the SH light is smaller than that of the fundamental light. Figures 7(c) and (d) show the optical power distributions at lateral position x when z = 0, and Figs. 7(e) and (f) show those at axial position z when x = 0. The solid curves represent the theoretical curves of the time-forward classical and two-photon beam focusing systems with the same experimental conditions (diameter and focal length of lens2) as this set of experiments. Each of the results shows good agreement with the theoretical curves of the time-forward systems, and in particular, the result for the SH light reconstructs the same optical power distributions as the two-photon detection patterns in the time-forward system. In Figs. 7(a) and (b), the distributions are not symmetric about the longitudinal axis at z = 0 µm; this is because lens2's numerical aperture (NA) is large, and therefore, this system deviates from the paraxial approximation condition. The experimental results exhibit a slightly wider spread than the theoretical curves due to the aberration effect of lens2. The time-reversal method for two-photon beam focusing system is thus demonstrated.
V. CONCLUSION
We experimentally demonstrated the time-reversal method for the two-photon Young interferometer and the two-photon beam focusing system. These timereversed systems classically reconstructed the same interference patterns as those of the time-forward systems. To the best of our knowledge, our study is the first to demonstrate the time-reversal method for quantumoptical phenomena caused by two-photon entanglement except for time-frequency entanglement; our study particularly addresses quantum-optical phenomena arising due to position-wavevector entanglement. The theory and experiments presented in this study can form the basis for applying the time-reversal method to a wider range of quantum-optical phenomena. It is expected that the time-reversal method can provide the approach to classically realize application techniques based on quantum-optical phenomena, such as sub-Rayleigh imaging [16, 28, 29] .
In Sec. II, we introduced the time-reversal method for two-photon systems with two-photon detection in a single-output mode. Here, we present the theory underlying the time-reversal method for general twophoton systems, i.e., two-photon systems in which the two output photons are generally detected in different output modes. Figure 8 shows the schematics of such a two-photon system (upper panel) and its classical timereversed system (lower panel). For example, the HOM interferometer [6] has two output ports, and each of the two photons is detected at each of the output ports. Another example is the modified HOM interferometer that exhibits an HOM peak [30] . This interferometer has only one output port, but two photons with various time differences are detected at this port; therefore, it can be considered that each of the two photons is detected in different time modes. Such a final pure state is generally described as |f ′ = kâ transformed into
Next, the beam undergoes an optical Fourier transform (here, we assume that the light propagates in free space over a long distance L 1 ), and then the beam passes through the second 2-f system. In total, the beam is transmitted through a magnifying optical system with magnification factor −L 1 /f , and the electric field becomes
The beam is focused onto the nonlinear crystal for second-harmonic generation (SHG); consequently, the fundamental electric field is up-converted into
After SHG, the second harmonic (SH) beam propagates in free space over a long distance L 2 , and the electric field is Fourier-transformed into
Finally, the SH beam is filtered by a pinhole at x = 0. The subsequent measured intensity is given by
which is equivalent to Eq. (7). Therefore, we note that the time-reversed two-photon Young interferometer exhibits the same interference pattern as the time-forward system.
Time-reversed two-photon beam focusing system
We next consider the time-reversed two-photon beam focusing system shown in Fig. 5(b) . When the point light source's lateral position is r 0 and its axial position from the focal plane of the first (right) 2-f system is z 0 , its lateral distribution of the electric field is given by E 0 (r) ∝ δ (2) (r − r 0 ). The initial 2-f system transforms the electric field into
The electric field that is filtered by a circular aperture with diameter D is further transformed into
where circ(r) := 1 (|r| ≤ 1/2) 0 (|r| > 1/2)
represents an aperture function. Next, the beam undergoes an optical Fourier transform (free-space propagation over a long distance L 1 ), and then the beam passes through the second 2-f system. In total, the beam is transmitted through a magnifying optical system with magnification factor −L 1 /f , and the electric field is transformed into
The beam is focused onto the nonlinear crystal for SHG; consequently, the fundamental electric field is upconverted into
After SHG, the SH beam propagates in free space over a long distance L 2 and then the electric field is Fourier transformed into
Finally, the SH light is filtered by a pinhole at r = 0. The subsequent measured intensity is given by
After the variable transformation r ′ → f L1 r ′ , this intensity distribution exhibits the same form as Eq. (11) . Therefore, the time-reversed two-photon beam focusing system exhibits the same intensity distribution as the time-forward system.
